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The Trajectory of the project….

1. Mathematician and Physicist
2. Educator, Principal 
3. Scientist and Scholar, Botanist
4. Superintendent of Nova Scotia 

Schools (1891-1926)
5. Public Servant
6. Visionary

Dr. Alexander MacKay
             (1845-1926)
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1. MacKay’s schools 
(their students) 
collected data on first 
flowering of plants 
(FATs), as well as other 
seasonal and 
phenological data 
(such as when 
common). 

2. MacKay’s motives 
were two-fold: 
education, and love of 
place. 

3. Reports were 
summarized 
regionally by 
colleagues of MacKay 
and published 
annually by him.



Data and 
MacKay's work 
MacKay’s Data



“Flowering Phenochrons”

1. Mayflower
2. Strawberry
3. Apple
4. Lilac
5. Blackberry

Five species chosen by MacKay in 1901:

Ten regions chosen by MacKay:

1. Called “Phenochrons”
2. Roughly aligning with administrative boundaries.





Small Multiples

• We decided to 
focus on five 
species that were 
chosen by 
Alexander MacKay 
in a figure from 
1901.                      
  

• Inspired by   
Edward Tufte,     
we replicated 
MacKay’s    
original graph  
over 22 years. 





Problem: Noisy Data

• Missing data points

• Inconsistencies 

• Extreme values 

• Teacher reliability 



Data 
Imputation
MacKay’s Data



The Data Imputation Problem:
• Given data in table form.
• Replace missing data or highly questionable 
data entries with values that won’t throw off 
our analysis (and may improve it!).

• One possible simple technique: use the mean 
of surrounding similar entries. But which mean?

• We wanted a technique that uses information 
from ALL entries in some sensible way.

Mayflower Strawberry Apple ...

Region 1 93 121 146 ...

Region 2 96 120 96 ...

Region 3 122 148 ...

Region 4 94 123 149 ...



Singular Value Decomposition

Singular Value Decomposition (SVD) splits a matrix 
operater into the most important influence (largest 
singular value) of the data versus less important 
behaviors (dictated by smaller singular values).
• First attempt: Let A be the matrix of the data with 

variables replacing the values to impute. Maximize the 
largest singular value. (Immediate problem with that 
approach.)

• Second attempt: Maximize the largest singular value of 
A/|A| (Optimize largest singular value relative to 
others).
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Strategy and Other Issues

• Used non-linear regression (the method of 
steepest ascent) to numerically compute 
replacement data values that maximized the 
largest singular value.                                         
 

• We are essentially requiring the resulting 
matrix to be as close to “rank-one” as possible, 
hoping to capture the general latitudinal trend 
across all five species.                                        
  

• Generalization: Instead of just the largest 
singular value, maximize the size of the largest 
k singular values relative to the remaining 
ones.



Coordinate 
Transformation 
Tilted Latitude and Longitude







So we created “tilted” coordinates: 



Original Regression:

Tilted:

Modeling Regional FATs with coordinates:



SVD of Mean 
First Arrival Time 
and Tensor generalization



  Then linear regression modeling on coordinates leads to the model

We decompose the
Mean FAT using the 
Singular Value 
Decomposition
(so we’re looking 
across all years at 
the flowering times 
of all five species):



The mean surface for Mayflower FATs (one of five species 
surfaces produced by the model) illustrates well the quadratic 
shape the linear regression model allows, and the trend 
MacKay expected:

Mean FAT Surface for Mayflower



We take the next step in the modeling process (adding climate 
explicitly) by decomposing the “data tensor” of FATS using a 
generalization of the SVD, and then modeling
● the regional effects as functions of latitude and longitude, and 
● the yearly effects as functions of climate variables (notably 

temperatures and sea ice):

TSVD – Tensor SVD

Decompose:



Leading to the vector model (for five species)

 Where we have 12 useful significant models 
resulting from linear regressions from the 16 
possible

 Regional effects are functions of tlat and tlong
 Yearly components are functions of climate 

(monthly average temperatures for the prior 
year, and sea ice around Newfoundland)

 Species effects are left un-modeled, and are 
vectors – hence this is a vector model for FATS.



Results and  
Predictions 
Comparing Model to Data, and Future Trends 



Small multiples lets us see how we did across time and the data:

Predictions Versus Data – Cross Validation



What does the model suggest 
that the future holds?













Upshot and 
Conclusions: 
MacKay modeling pushed into the future



The Upshot: Climate Change has Species on the Move

Temporally, as
we see here at
left:

or

literally, physically 
(e.g. ticks).

A recent paper in 
Science
shows that we've 
merely uncovered 
the obvious:



The Upshot: Climate Change has Species on the Move

B. R. Scheffers et al. The broad footprint of climate change: from genes to biomes to people; Science 354, Nov. 2016.
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A Thousand Eyes: Citizen Science

● Actually, MacKay DID have an idea of how valuable this data would be to 
future scientists!

● Trophic mis-match is a problem when species move – prey isn't there when 
preditors arrive;  pollinators aren't around when plants flower; etc.
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Future Work: where do WE move from here?

1. We'd like to develop the software to make this analysis easier;
    we've been using lisp, R, GIS software, and Mathematica, and 
    we want to migrate entirely to R. 

2. We want to use that software to increase the number of variables
    we include in our study;

3. We should revisit the original data, rather than the summary data, 
to test and refine our model; also compare to others' FAT data.

4. We should incorporate more climatic factors (e.g. precipitation) to
    make our models better, and more realistic;

5. Nonetheless, we feel that we're done well with our model, so far,
    and look forward to pushing it further, and exploring implications.
    We have enjoyed replicating MacKay's graphics, fleshing out his
    analysis, and we will continue to seek to bring to flower the work  
    he began over 100 years ago. 



A Shout-Out to my colleagues in 
the “Turban Gang”:

Questions?
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